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a b s t r a c t
In this paperwedealwithupper bounds on theλ-number of graphs of the formG⋆K2, where
⋆ is one of the standard graph products—the direct, Cartesian, strong, and the lexicographic
product.
L(2, 1)-labelling of products of graphs has been investigated by a number of authors,
especially in connection with the well-known conjecture λ(G) ≤ (∆(G))2, where ∆(G)
is the maximum degree of a graph G. Up to some degenerate cases, this conjecture was
verified for the Cartesian and the lexicographic product by Shao and Yeh (2005) [13], and
for the direct and the strong product by Klavžar and Špacapan (2006) [10] and by Shao et al.
(2008) [12]. If one of the factors of the Cartesian or the direct product hasmaximumdegree
one, only higher upper bounds than the one following from the conjecture are currently
known.
We derive alternative upper bounds on the λ-number of graphs G ⋆ K2 for the standard
products mentioned above, with the role of the maximum degree taken over by the
λ-number of the graph G. Methods include lifts along graph covering projections and
labellings of M-sums constructed by Georges and Mauro (2002) [2]. In most cases, our
upper bounds are tighter than those currently known.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
An m-L(2, 1)-labelling of a graph G is a mapping L: V (G) → {0, 1, . . . ,m} from the vertex-set of G into the set of non-
negative integers {0, 1, . . . ,m} such that |L(v)− L(w)| ≥ 2 whenever v andw are adjacent vertices, and |L(v)− L(w)| ≥ 1
whenever v and w are at distance two apart. The minimum m taken over all m-L(2, 1)-labellings of G is called the
λ-number of G and is denoted by λ(G). If L is a labelling with minimumm, then L is called a λ-labelling of G.
The problem of labelling graphs with condition at distance two and the λ-number of graphs were first investigated by
Griggs and Yeh [6], stimulating an extensive research in this area (see [14,1] for recent surveys of the topic). The λ-number
of any graph G with maximum degree ∆(G) ≥ 1 is clearly at least ∆(G) + 1, the bound being reached by the stars K1,n. In
contrast, a tight upper bound is not at all obvious. In 1992, Griggs and Yeh [6] made a conjecture that the tight upper bound
for the λ-number of a graph G with ∆(G) ≥ 2 would be (∆(G))2. This conjecture is now known as the ∆2-conjecture and,
if true, it would be the best possible, because the value is attained by the Moore graphs—the 5-cycle, the Petersen graph,
and the Hoffman–Singleton graph. Many authors have been trying to establish the proposed upper bound, nevertheless, the
conjecture remains open in general. The current lowest upper bound for all graphs Gwith∆(G) ≥ 2was established in 2008
by Gonçalves [5] and its value is (∆(G))2 + ∆(G) − 2. On the other hand, the ∆2-conjecture has been verified for various
classes of graphs. For example, Havet et al. [7] recently proved that λ(G) ≤ (∆(G))2 for all graphs with∆(G) ≥ 1069.
Graph products are natural candidates where various authors have attempted to find bounds on the λ-number (see for
example [4,8–13]). As we shall see later, the ∆2-conjecture has been verified for the standard graph products of nontrivial
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graphs, in particular for the direct, the Cartesian, the strong, and the lexicographic products, except for some degenerate
cases of the Cartesian and the direct product. By degenerate cases we mean products where at least one of the factors has
maximum degree one. For the degenerate case of the strong product the available upper bound is higher than that for the
non-degenerate case, although the∆2-conjecture holds for the strong product of nontrivial graphs in general.
This motivates us to look closer at products of graphs where at least one factor has maximum degree one, which in fact
means to investigate products with the complete graph K2 as a factor. We call such products generalized prisms, deriving
our terminology from the well known fact that the Cartesian product GK2 is called the prism over a graph G. Depending on
the type of a product in question, we deal with direct, Cartesian, strong, and lexicographic prisms. We establish alternative,
often tighter, upper bounds on the λ-number of generalized prisms. Our upper bound on the λ-number of a prism G⋆K2 will
usually be a function of the λ-number of the graph G rather than a function of the maximum degree of the product G ⋆ K2
(which in turn can be bounded by a function of the maximum degree of G).
2. Known upper bounds
In this section we briefly review known upper bounds on the λ-number of graphs of the form G1 ⋆ G2 where ⋆ is one of
the standard graph products—the direct product, the Cartesian product, the strong product, and the lexicographic product.
In all these cases, the vertex-set of G1 ⋆ G2 is the Cartesian product of the vertex-sets of the factors G1 and G2 while the
edge-set of G1 ⋆ G2 depends on the particular product type.
Throughout this sectionwe use the following notation.We denoteλ(G1⋆G2) byλ,∆(G1⋆G2),∆(G1), and∆(G2) by∆,∆1,
and ∆2, respectively, and |V (G2)| by n2. Furthermore, we denote the non-degenerate case, where ∆1 ≥ 2 and ∆2 ≥ 2, by
(2) and the degenerate case, where either∆1 = 1 and∆2 ≥ 1 or∆1 ≥ 1 and∆2 = 1, by (1).
We start our discussion with the direct product of graphs. Recall that in the direct product G1 × G2 of graphs G1 and
G2, vertices (v1, v2) and (w1, w2) are adjacent whenever v1w1 is an edge in G1 and v2w2 is an edge in G2. Klavžar and
Špacapan [10] verified the∆2-conjecture for the direct product of nontrivial graphs G1 and G2 with the exception of the case
where at least one factor has maximum degree one. They proved that
λ ≤ ∆2 −max{(∆i − 1)2(∆3−i − 1)−∆i −∆3−i + 1; i ∈ {1, 2}} for (2) and (1).
This upper bound was improved by Shao et al. [12], containing the same exception, as well:
λ ≤ ∆2 +∆− (∆1 +∆2)(∆1 − 1)(∆2 − 1) for (2) and (1).
In both cases we get
λ ≤

∆2 for (2)
∆2 +∆ for (1).
In the Cartesian product G1G2 of graphs G1 and G2, vertices (v1, v2) and (w1, w2) are adjacent if either v1w1 is an edge
in G1 and v2 = w2, or v1 = w1 and v2w2 is an edge in G2. Shao and Yeh [13] verified the ∆2-conjecture for the Cartesian
product of nontrivial graphs G1 and G2, with the exception of the case where at least one factor has maximum degree one.
To be more precise, they proved that
λ ≤ ∆2 +∆−∆1∆2 for (2) and (1).
This means that
λ ≤

∆2 for (2)
∆2 + 1 for (1).
The edge-set of the strong product G1G2 of graphs G1 and G2 is the union of the edge-sets of G1×G2 and G1G2. Klavžar
and Špacapan [10] verified the∆2-conjecture for the strong product of nontrivial graphs G1 and G2. They proved that
λ ≤ ∆2 +∆− 6∆1∆2 for (2) and (1).
Later, Shao et al. [12] improved this upper bound to
λ ≤ ∆2 +∆− (∆1 +∆2 + 4)∆1∆2 for (2) and (1).
For the non-degenerate case, Klavžar and Špacapan [10] improved the upper bound to
λ ≤ ∆2 −∆21∆2 −∆1∆22 −∆21 −∆22 −∆1∆2 − 1 for (2).
In the case of a strong product, even the weakest upper bound is sufficient to get the result
λ < ∆2 for (2) and (1).
However, in the case where at least one factor has maximum degree one the upper bound is still higher than the upper
bound for the case where both factors have maximum degree at least two.
In the lexicographic product G1[G2] of graphs G1 and G2, vertices (v1, v2) and (w1, w2) are adjacent if either v1w1 is an
edge in G1, or v1 = w1 and v2w2 is an edge in G2. Shao and Yeh [13] verified the∆2-conjecture for the lexicographic product
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of an outer graph G1 and an inner graph G2, where the outer graph G1 is nontrivial and the inner graph G2 is arbitrary. They
proved that
λ ≤ ∆2 +∆− 2n2∆1 for∆1 ≥ 1 and ∆2 ≥ 0.
This means that
λ < ∆2 for∆1 ≥ 1 and ∆2 ≥ 0.
3. Direct prisms and coverings
We start our investigation with direct prisms—graphs of the form G × K2. We will widely use the fact that G × K2 is a
covering of the graph G. This suggests that wemight first look at graph coverings in general and at the relationship between
the λ-numbers of a graph and its cover.
Recall that a covering projection π : G˜ → G of a graph G˜ onto a graph G is a surjective graph homomorphism which, for
each vertex v of G˜, maps the edges incident with v bijectively onto the edges incident with the vertex π(v). The target graph
G is called the base graph and the graph G˜ is called a covering graph. A covering graph G˜ is said to cover the base graph G. It
is easy to see that the natural projection π :G × K2 → G which erases the second coordinate is a covering projection. The
direct prism G × K2 over a graph G is therefore often called the canonical double cover of G or the bipartite double of G. It is
easy to observe that if G is connected and non-bipartite, then G× K2 is connected and bipartite. If G is bipartite, then G× K2
consists of two disjoint copies of G.
Before proceeding to λ-numbers of canonical double coverings it will be useful to investigate the λ-numbers of general
covering graphs in terms of the λ-numbers of their base graph.
Theorem 3.1. Let G and G˜ be graphs. If G˜ covers G, then
λ(G˜) ≤ λ(G).
Proof. Let L be a λ-labelling of G and let π : G˜ → G be a covering projection. We define the lift Lπ of L by setting
Lπ (v) = L(π(v)) for v ∈ V (G˜).
To see that Lπ is an L(2, 1)-labelling let us first consider two adjacent vertices v and w of G˜. Since π is a graph
homomorphism, π(v) and π(w) are adjacent in G, and hence they are labelled with labels at least 2 apart.
If v andw are vertices of G˜ at a distance two, then they have a common neighbour, say u. Sinceπ maps the edges incident
with u bijectively onto the edges incident with π(u), the vertices π(v) and π(w) are both adjacent to π(u) and are distinct.
This means that they are at a distance two or they are adjacent in G, and hence they have distinct labels.
Summing up, Lπ is an L(2, 1)-labelling of G˜, in particular, it is a λ(G)-L(2, 1)-labelling of G˜. Thus λ(G˜) ≤ λ(G). 
Let us consider the ‘‘usual’’ prism graph Yn = CnK2. If n is odd, then the canonical double cover Yn×K2 of Yn is isomorphic
to Y2n. According to Georges and Mauro [3, Theorem 6.2], the λ-number of a prism Yn is 5 if n is a multiple of 3, and is 6
otherwise. Thus λ(Y2n) = λ(Yn) for n odd. This shows that the upper bound from Theorem 3.1 is tight.
The previous example suggests a question whether the λ-number of a covering graph is or is not always the same as
the λ-number of the base graph. The answer is negative. Consider, for example, the generalized Petersen graph GP(10, 3)
(displayed in Fig. 3.1). It is easy to see thatGP(10, 3) is isomorphic to P×K2 where P is the Petersen graph (shown in Fig. 5.1),
which means that GP(10, 3) double-covers the Petersen graph. It is well known [2, Theorem 2.10] that the λ-number of the
Petersen graph is 9 while the λ-number of the generalized Petersen graph GP(10, 3) is at most 8. In fact, λ(GP(10, 3)) = 6:
the labelling in Fig. 3.1 shows that it is at most 6 and the existence of a 5-L(2, 1)-labelling can be excluded by an exhaustive
computer search. Thus λ(GP(10, 3)) < λ(PG).
Now we can return from general coverings to the special case of our interest. The following result follows immediately
from Theorem 3.1.
Corollary 3.2. Let G be a graph. Then
λ(G× K2) ≤ λ(G) for ∆(G) ≥ 0.
Examples given prior to Corollary 3.2 show that the bound in Corollary 3.2 is tight and the inequality cannot be replaced
by equality.
If we restrict ourselves to the substantial case where ∆(G) ≥ 2, we can use Gonçalves’ inequality λ(G) ≤ (∆(G))2 +
∆(G)− 2 from [5]. By combining it with Corollary 3.2 we readily get the following result.
Corollary 3.3. Let G be a graph. Then
λ(G× K2) ≤ (∆(G))2 +∆(G)− 2 for ∆(G) ≥ 2.
In contrast, the formula by Shao et al. from [12] applied to the product G× K2 yields
λ(G× K2) ≤ (∆(G))2 +∆(G) for∆(G) ≥ 1.
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Fig. 3.1. GP(10, 3)with a 6-L(2, 1)-labelling.
Corollary 3.3 thus improves the best currently known bound of Shao et al. by the constant of 2 for every graph G
with∆(G) ≥ 2.
4. Cartesian prisms and matched sums
To obtain upper bounds for the Cartesian product we will use L(2, 1)-labellings constructed for a matched sum of two
graphs introduced by Georges and Mauro in [2]. Because we extensively use their labellings in our proofs, we first discuss
them in some detail.
According to Georges and Mauro [2], the M-matched sum, or the M-sum for short, of disjoint graphs G1 and G2 and
of a matching M between V (G1) and V (G2) is the graph G1MG2 with V (G1MG2) = V (G1) ∪ V (G2) and E(G1MG2) =
E(G1) ∪ E(G2) ∪ M . Our notation for the matched sum is a slightly simplified version of the original notation introduced
in [2]. In the same paper, the authors present a theorem [2, Theorem 2.2] stating that the λ-number of anM-sum of graphs
G1 and G2 can be bounded from above in terms of the λ-numbers of G1 and G2.
Theorem 4.1 ([2], Theorem 2.2). Let G1 and G2 be graphs. Then
λ(G1MG2) ≤ λ(G1)+ λ(G2)+ 2
for all matchings M.
The proof uses the labelling L+2 of G1MG2 constructed from a λ-labelling L1 of G1 and a λ-labelling L2 of G2:
L+2(v) =

L1(v) for v ∈ V (G1)
L2(v)+ λ(G1)+ 2 for v ∈ V (G2).
It is easy to see that L+2 is indeed an L(2, 1)-labelling and has maximum label λ(G1)+λ(G2)+2, which proves the theorem.
The authors further present an improved bound
λ(G1MG2) ≤ λ(G1)+ λ(G2)+ 1
and claim that it is true whenever λ(G1) ≥ ∆(G1) + 2 or λ(G2) ≥ ∆(G2) + 2 and M is an arbitrary matching between G1
and G2 [2, Theorem 2.3]. They offer a constructive proof:
To prove the improved bound one may assume λ(G1) ≥ ∆(G1) + 2. It suffices to produce an L(2, 1)-labelling of the
graph G1MG2 with maximum label λ(G1)+ λ(G2)+ 1. For i ∈ {1, 2}, let Li be a λ-labelling of Gi. Consider a labelling
L+1 – not necessarily an L(2, 1)-labelling – defined as follows:
L+1(v) =

L1(v) for v ∈ V (G1)
L2(v)+ λ(G1)+ 1 for v ∈ V (G2).
If L+1 is an L(2, 1)-labelling, the improved bound is established. Otherwise, L+1 fails to be an L(2, 1)-labelling solely
because there exists a non-empty conflict set X , a subset ofM , such that
X = {x1x2; L+1(x1) = λ(G1) and L+1(x2) = λ(G1)+ 1}.
For each x1x2 ∈ X , let B(x1) be the set of labels assigned by L+1 to the neighbours of x1 in G1 and let
F(x1) = {0, 1, . . . , λ(G1)− 2} \ B(x1).
Since λ(G1) ≥ ∆(G1)+ 2, we see that
|F(x1)| = λ(G1)− 1− degG1(x1) ≥ ∆(G1)+ 2− 1−∆(G1) = 1,
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implying that F(x1) is not empty. Thus it is possible to form a new labelling LX by relabelling each x2 with a label f (x2)
from F(x1):
LX (v) =
L1(v) for v ∈ V (G1)
f (v) ∈ F(x1) for v ∈ V (G2) such that x1v ∈ X
L2(v)+ λ(G1)+ 1 otherwise.
Since any two relabelled vertices have equal labels under L+1 and hence equal labels under L2, those vertices are at
least three apart.
The constructed labelling LX works well except in one case—when x2 receives the label L1(v1) of a vertex v1 ∈ V (G1) such
that v1 and x2 have a common neighbour v2 in G2. Here the distance-two condition of the definition of an L(2, 1)-labelling is
clearly violated and the proof of [2, Theorem2.3] fails. This situationwill be discussed in the next sectionwherewe construct
an infinite sequence of matched sum graphs such that LX fails to be an L(2, 1)-labelling no matter which λ-labellings L1 and
L2 we take. Nevertheless, the improved bound remains true for graphs meeting certain additional conditions.
Theorem 4.2. Let G1 and G2 be disjoint graphs and let M be a matching between V (G1) and V (G2). Assume that at least one of
the following conditions holds.
• λ(Gi) ≥ ∆(G1)+∆(G2)+ 2 for some i.
• There exist λ-labellings L1 of G1 and L2 of G2 such that the conflict set X is empty.
• There exists an injective λ-labelling Li of Gi and∆(G3−i) ≥ 1 for some i.
Then
λ(G1MG2) ≤ λ(G1)+ λ(G2)+ 1.
Proof. Strengthening the condition of the improved bound to λ(Gi) ≥ ∆(G1)+∆(G2)+ 2 for some imakes the argument
correct. Indeed, for each x1x2 ∈ X , the new label of x2 can be chosen from a nonempty set of labels that are not greater than
λ(G1)− 2, are not used by the neighbours of x1 in G1, and are not used by the vertices in G1 matched to the neighbours of x2
in G2.
If the conflict set X is empty for some λ-labellings L1 of G1 and L2 of G2, then the labelling L+1 constructed from L1 and L2
is already an L(2, 1)-labelling of G1MG2.
Let one of the graphs G1 and G2 have an injective λ-labelling and, at the same time, let the other graph have at least one
edge. Without loss of generality let L1 be an injective λ-labelling of G1 and let∆(G2) ≥ 1. Let us take an arbitrary λ-labelling
L2 of G2. If the conflict set X is empty, we have the previous case and we are done. Suppose it is non-empty. Since L1 is
injective and M is a matching, the conflict set is a singleton X = {x1x2}, where x1x2 ∈ M, L1(x1) = λ(G1), and L2(x2) = 0.
Let us take the labelling L2 defined as follows:
L2(v) = λ(G2)− L2(v) for v ∈ V (G2).
Clearly, L2 is a λ-labelling of G2 as well. Since ∆(G2) ≥ 1, we have λ(G2) ≥ 2, hence L2(x2) ≠ 0, and therefore the conflict
set for L1 and L2 is empty. This leads to the previous case again, and the proof is complete. 
The upper bound from Theorem 4.1 is tight and is reached by any graph G1MG2 with∆(G1) = 0,∆(G2) = 0, andM ≠ ∅.
Whether there exist nontrivial examples attaining the bound we do not know. At present, we only have an infinite family
of graphs Gn1M
nGn2 with λ(G
n
1M
nGn2) = λ(Gn1)+ λ(Gn2)+ 1 which shows that the improved bound, if true, would be the best
possible. We describe the family in the following example.
Example 4.3. Let us define the family of graphs Rn1I
nRn2, where n ≥ 1, as follows. We take the cyclic group Z4n+1 to be
the vertex-set of Rn1 and let vw ∈ E(Rn1) whenever v − w is congruent (mod 4n + 1) to an odd integer from the set{−2n,−2n + 1, . . . , 2n} (thus Rn1 is the Cayley graph of Z4n+1 with connection set {−2n + 1,−2n + 3, . . . , 2n − 1}). For
the vertex-set of Rn2 we take a disjoint copy of Z4n+1 and let vw ∈ E(Rn2) whenever v − w is congruent (mod 4n + 1) to
a non-zero even integer from the set {−2n,−2n + 1, . . . , 2n} (thus Rn1 is the Cayley graph of Z4n+1 with connection set{−2n,−2n − 2, . . . , 2n} \ {0}). We let the matching In connect v1 ∈ Rn1 to v2 ∈ Rn2 precisely when v1 and v2 represent the
same element of Z4n+1. The smallest graph in the family is the Petersen graph.
The graph Rn1 has diameter two, therefore λ(R
n
1) ≥ 4n. The labelling L1 of Rn1 defined by L1(v) = 2v in Z4n+1 for all
v ∈ V (Rn1) is an L(2, 1)-labelling. Thus λ(Rn1) = 4n. Since Rn2 also has diameter two, we have λ(Rn2) ≥ 4n. The labelling L2 of
Rn2 defined by L2(v) = v in Z4n+1 for all v ∈ V (Rn2) is again an L(2, 1)-labelling. Thus λ(Rn2) = 4n. Furthermore Rn1InRn2 has
diameter two as well and we get λ(Rn1I
nRn2) ≥ 8n + 1. As the conflict set is empty, by Theorem 4.2 the labelling L+1 is an
L(2, 1)-labelling of Rn1I
nRn2. Therefore λ(R
n
1I
nRn2) = 8n+ 1. Summing up, λ(Rn1InRn2) = λ(Rn1)+ λ(Rn2)+ 1.
Since∆(Rni ) = 2n for i ∈ {1, 2}, we get λ(Rni ) ≥ ∆(Rni )+ 2 for i ∈ {1, 2}, which means that the improved bound, if true,
would be the best possible. 
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The λ-number of the matched sum G1MG2 of arbitrary graphs has the following obvious lower bound
λ(G1MG2) ≥ max({λ(G1), λ(G2)})
which follows from the fact that bothG1 andG2 are subgraphs ofG1MG2. The following example shows that this lower bound
is tight.
Example 4.4. Consider the graph Rn1I
nRn1, n ≥ 2, formed from two disjoint copies of the graph Rn1 described in Example 4.3
and from the perfect matching In connecting copies of the same vertex of Rn1. In other words, R
n
1I
nRn1 coincides with the
Cartesian prism Rn1K2.
We have already showed that λ(Rn1) = 4n. As Rn1 is a subgraph of Rn1InRn1, we have λ(Rn1InRn1) ≥ 4n. If we take the labelling
L1 from Example 4.3 defined by L1(v) = 2v in Z4n+1 for all v ∈ V (Rn1) to label the first copy of Rn1 and its shift L2 defined by
L2(v) = L1(v) + 4 in Z4n+1 for all v ∈ V (Rn1) to label the second copy of Rn1, we immediately get an L(2, 1)-labelling of the
entire graph Rn1I
nRn1. Therefore λ(R
n
1I
nRn1) = 4n. It follows that λ(Rn1InRn1) = max({λ(Rn1), λ(Rn1)}). 
As indicated in Example 4.4, the Cartesian prism GK2 is a special case of the matched sum G1MG2, where G1 and G2 are
two disjoint copies of G and each edge ofM connects copies of the same vertex.We can therefore apply Theorem 4.1 directly
to get
λ(GK2) ≤ 2λ(G)+ 2 for∆(G) ≥ 0.
However, this upper bound is only reached when ∆(G) = 0. For ∆(G) ≥ 1, the following result gives a better bound.
Whether this new bound is tight we do not know.
Theorem 4.5. Let G be a graph. If ∆(G) ≥ 1, then
λ(GK2) ≤ 2λ(G)+ 1 for ∆(G) ≥ 1.
Proof. Let us consider the labelling L+1 arising from a λ-labelling of a graph G applied to both copies of G in GK2. For L+1,
the distance between the labels of vertices joined byM , that is, the labels of two copies of a given vertex, is λ(G)+ 1. Thus
if∆(G) ≥ 1, which means that λ(G) ≥ 2, the conflict set is empty and therefore, by Theorem 4.2, L+1 is an L(2, 1)-labelling.
Hence λ(G K2) ≤ 2λ(G)+ 1 for∆(G) ≥ 1. 
The lower bound λ(G1MG2) ≥ max({λ(G1), λ(G2)}) for the λ-number of a matched sum applies to Cartesian prisms, as
well. Hence
λ(GK2) ≥ λ(G) for∆(G) ≥ 0.
This lower bound is tight as it is attained by the graphs Rn1I
nRn1, for n ≥ 2, from the Example 4.4, since Rn1InRn1 = Rn1K2.
Results of Shao and Yeh [13] applied to GK2 imply that
λ(GK2) ≤ (∆(G))2 + 2∆(G)+ 2 for∆(G) ≥ 1.
When comparing our result from Theorem 4.5 to the result of Shao and Yeh [13] it becomes obvious that under certain
conditions our result is better—namely, if λ(G) ≤ 12 (∆(G))2 + ∆(G) + 12 . Recall that, for ∆(G) ≥ 2, the value of λ(G) is a
number between∆(G)+ 1 (trivially) and (∆(G))2 +∆(G)− 2 (by Gonçalves [5]). It follows that there certainly are graphs
where applying the upper bound from our Theorem 4.5 is meaningful.
5. On the improved upper bound for a matched sum
In the previous section we have indicated that the labelling LX constructed to establish the improved bound works well
except in one case—when x2 receives the label L1(v1) of a vertex v1 ∈ V (G1) such that v1 and x2 have a common neighbour
v2 in G2. We have observed that here the labelling LX violates the distance-two condition from the definition of an L(2, 1)-
labelling.
This situation can be illustrated by the Petersen graph, the outer cycle playing the role of G1, the inner cycle playing the
role ofG2, and the edges between the outer and inner cycles playing the role of thematchingM . The problematic λ-labellings
L1 of G1 and L2 of G2 are displayed in Fig. 5.1. Obviously, the edge x1x2 of the Petersen graph belongs to the conflict set for
L+1, so x2 must be relabelled, and it must be labelled with 0, producing two vertices at a distance two, namely x2 and v1,
with the same label under LX . This prevents LX from being an L(2, 1)-labelling. Nevertheless, a correct L(2, 1)-labelling of the
Petersen graph can still be created from suitable λ-labellings of G1 and G2 by using the formula for L+1. In fact, it is sufficient
to shift the labels of the outer cycle one step clockwise and otherwise proceed as above.
In contrast to the preceding example, we construct an infinite sequence of graphs of the form Hn1H
nHn2 , where H
n is a
matching between the graphs Hn1 and H
n
2 with λ(H
n
1 ) ≥ ∆(Hn1 )+ 2, such that for each λ-labelling of Hn1 and each λ-labelling
of Hn2 the labelling defined by the formula for LX is never an L(2, 1)-labelling of H
n
1H
nHn2 . This implies that the proof of
Theorem 2.3 in [2] is invalid, which turns this theorem into a conjecture. As shown in Section 4, this conjecture, if true,
would be best possible.
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Fig. 5.1. The Petersen graph with problematic λ-labellings.
Fig. 5.2. Graph J .
Fig. 5.3. Graph K .
Example 5.1. The basic building blocks for our construction are the graphs J and K of order seven and seventeen,
respectively, shown in Figs. 5.2 and 5.3. To construct the graph Hn1 , n ≥ 1, we arrange 17n copies of the graph J into a
cycle and join, for each j ∈ {0, 1, . . . , 17n − 1}, the vertex q of the j-th copy to the vertex p of the (j + 1)-th copy (indices
taken (mod 17n)). Similarly, we construct Hn2 by cyclically arranging 7n copies of the graph K and by joining, for each
k ∈ {0, 1, . . . , 7n − 1}, the vertex t of the k-th copy to the vertex r of the (k + 1)-th copy (indices taken (mod 7n)). To
complete the construction, we join the vertices of Hn2 to the vertices of H
n
1 by a perfect matching H
n as follows. Each of the
vertices r, s, and t of K has 7n copies in Hn2 . We match them to the vertices of n copies of J in H
n
1 , separately for r, s, and t .
Next, each copy of r and s in Hn2 has seven neighbours not matched so far. We match them to the vertices of a separate copy
of J in Hn1 each, concluding the construction of H
n
1H
nHn2 for n ≥ 1.
We now show that Hn1H
nHn2 has the required property. First, let us consider the graph J . Since J has diameter two, every
L(2, 1)-labelling of J must label its vertices by different labels. This fact, combinedwith the labelling shown in Fig. 5.2, proves
that λ(J) = 6. Since the labelling immediately extends to an L(2, 1)-labelling of the entire Hn1 , we see that λ(Hn1 ) = 6 as
well. Note that ∆(Hn1 ) = 4, so the condition λ(Hn1 ) ≥ ∆(Hn1 ) + 2 of the improved bound is fulfilled. Furthermore, every
λ-labelling of Hn1 will have to use all seven labels in each copy of J . Therefore each copy of J in H
n
1 can be treated simply as a
set of seven vertices with different labels from the set {0, 1, . . . , 6}.
As regards the graph K , its λ-number has to be at least 10 because K contains a vertex of degree nine. An L(2, 1)-labelling
that establishes the value λ(K) = 10 is shown in Fig. 5.3. The labelling extends to an L(2, 1)-labelling of the entire Hn2 and
shows that λ(Hn2 ) = 10 as well. One can further see that in each λ-labelling of Hn2 every third vertex of the single cycle Cn
of Hn2 has to receive the label 0, starting with some vertex of degree nine.
Finally, we prove that whatever λ-labellings L1 of Hn1 and L2 of H
n
2 we choose, the labelling LX will not be an L(2, 1)-
labelling of Hn1H
nHn2 . As stated above, starting with some vertex of degree nine in H
n
2 , every third vertex of the cycle C
n in Hn2
receives the label 0 under L2. These vertices are connected by Hn to the vertices of n copies of J in Hn1 . Under L1, each copy
of J receives all seven labels from the set {0, 1, . . . , 6}, so in each copy of J there is a vertex x1 with L1(x1) = 6 = λ(Hn1 ).
This vertex is joined by an edge of Hn to a vertex x2 in Hn2 with L2(x2) = 0. Hence the edge x1x2 belongs to the conflict set,
which means that x2 has to be relabelled with some value f (x2) ∈ {0, 1, . . . , λ(Hn1 ) = 6}. The matching Hn joins the seven
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neighbours of x2 in Hn2 not lying on C
n to the vertices of a single copy of J in Hn1 . Thus no matter which value of f (x2) we
choose, this copy of J contains a vertex v1 labelled f (x2) in L1, and hence also in LX , as the vertices of Hn1 keep their labels
from L1. Since the distance of v1 from x2 in Hn1H
nHn2 is two, any choice of a new label for x2 leads to a pair of vertices where
the distance-two condition for LX fails. This proves that LX is never an L(2, 1)-labelling. 
6. Strong prisms and strong sums
As we have seen in Section 5, the improved bound λ(G1MG2) ≤ λ(G1)+λ(G2)+ 1 is unsubstantiated in general, and we
have to content ourselves with a weaker bound of λ(G1MG2) ≤ λ(G1)+λ(G2)+2 established in Theorem 4.1. It is therefore
natural to attempt extending the class of graphs where the weaker bound is sufficient. In this section we will see that even
this weaker bound leads to an improvement of the known bounds for strong prisms.
For disjoint graphs G1 and G2 we define a strong bond S as a set of edges between V (G1) and V (G2) with the following
property: whenever two distinct vertices v1 and w1 from V (G1) have a common neighbour u2 in V (G2) they are adjacent
in G1 and, at the same time, whenever two distinct vertices v2 and w2 from V (G2) have a common neighbour u1 in V (G1)
they are adjacent in G2. The strong sum G1SG2 of disjoint graphs G1 and G2 with respect to a strong bond S between them is
a graph with the vertex-set V (G1)∪V (G2) and the edge-set E(G1)∪ E(G2)∪ S. Notice that the matched sum is a special case
of the strong sum, as a matching is a special case of a strong bond.
Theorem 6.1. Let G1 and G2 be graphs and let S be a strong bond between G1 and G2. Then
λ(G1SG2) ≤ λ(G1)+ λ(G2)+ 2.
Proof. Let L1 be a λ-labelling of G1 and let L2 be a λ-labelling of G2. To label G1SG2, we again use the labelling L+2 constructed
in [2, Theorem 2.2], namely
L+2(v) =

L1(v) for v ∈ V (G1)
L2(v)+ λ(G1)+ 2 for v ∈ V (G2).
Under L+2, the distances between vertex labels inG1 and vertex labels inG2 are at least 2. Furthermore, the distances between
vertex labels within in G1 as well as within G2 remain the same as under L1 and L2, respectively.
Take vertices v1 from V (G1) and v2 from V (G2) adjacent or at a distance two in G1SG2. Since v1 is from V (G1) and v2 is
from V (G2) their labels under L+2 are necessarily at least 2 apart.
Next take two vertices vi and wi from the same V (Gi) adjacent in G1SG2. As S only adds edges between G1 and G2 and
no edges to either G1 or G2, the vertices vi andwi are necessarily adjacent in Gi, too. Therefore the labels of vi andwi under
Li are necessarily at least 2 apart. As the labels under L+2 keep their distances from Li, the labels of vi and wi under L+2 are
necessarily at least 2 apart, too.
Finally, take two vertices vi andwi from the same V (Gi) at a distance two in G1SG2. The vertices vi andwi are not adjacent
in G1SG2 and they have a common neighbour in G1SG2. First, the vertices vi and wi are not adjacent in Gi, as if they were
they would be adjacent in G1SG2, too. Second, the common neighbour of vi and wi has to be from the same V (Gi) as the
vertices vi andwi, since otherwise the vertices vi andwi would necessarily be adjacent in Gi. As vi andwi are not adjacent in
Gi and they have a common neighbour in Gi, they are at a distance two in Gi. Therefore vi and wi have distinct labels under
Li. Because the labels under L+2 keep their distances from Li, the vertices vi andwi have distinct labels under L+2, too.
It follows that L+2 is an L(2, 1)-labelling of G1SG2. In particular, it is a (λ(G1) + λ(G2) + 2)-L(2, 1)-labelling of G1SG2,
implying that λ(G1SG2) ≤ λ(G1)+ λ(G2)+ 2. 
To show that the upper bound from Theorem 6.1 is tight, we consider a class of graphs KnK nKn defined as follows. Let Kn
denote, as usual, the complete graph of order n. Let K n be the set of all edges joining vertices in different copies of Kn. It is
well known that λ(Kn) = 2n− 2. Since KnK nKn = K2n, we get λ(KnK nKn) = 4n− 2. Thus, λ(KnK nKn) = λ(Kn)+ λ(Kn)+ 2.
Obviously, G1 and G2 are subgraphs of G1SG2, which gives the lower bound
λ(G1SG2) ≥ max({λ(G1), λ(G2)}).
Since the matched sum of graphs is a special case of the strong sum, we can use one of our previous examples, the class
Rn1I
nRn1 from Example 4.4, for n ≥ 2, to demonstrate that this bound is tight.
Graphs of the form G  K2 are a special case of the strong sum of graphs GSG for a suitable S (here S is the set of edges
connecting the copies of the same vertices and, at the same time, the copies of distinct vertices which are adjacent in the
original graph G). This leads us to the following corollary of Theorem 6.1.
Corollary 6.2. Let G be a graph. Then
λ(G  K2) ≤ 2λ(G)+ 2 for ∆(G) ≥ 0.
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One of our previous examples, the class of graphs KnK nKn, can be used once again to show that the bound from
Corollary 6.2 is tight.
The lower bound for λ(GSG) yields in the special case of G  K2 the following inequality:
λ(G  K2) ≥ λ(G) for∆(G) ≥ 0.
In contrast to the lower bound for a strong sum of graphs mentioned before, we do not know if the latter bound is tight.
The strong bond in the strong prisms is maximal, in other words, no edges can be added so that the strong bond property
remains preserved. This may raise the lower bound significantly.
We can combine Corollary 6.2 with the bound λ(G) ≤ (∆(G))2 + ∆(G) − 2 for ∆(G) ≥ 2 of Gonçalves to obtain the
following:
Corollary 6.3. Let G be a graph. Then
λ(G  K2) ≤ 2(∆(G))2 + 2∆(G)− 2 for ∆(G) ≥ 2.
The formula of Shao et al. in [12] applied to G  K2 yields
λ(G  K2) ≤ 3(∆(G))2 +∆(G)+ 2 for∆(G) ≥ 1.
Thus, whenever∆(G) ≥ 2, our result from Corollary 6.3 is tighter than the previous inequality by (∆(G))2 −∆(G)+ 4.
7. Lexicographic prisms
The lexicographic product of graphs is different from other products in that it is not commutative. Hence, for every graph
G there are two possible lexicographic prisms, namely G[K2] and K2[G].
If we look closer at the lexicographic prism G[K2], we find out that it is only a different notation for the strong prism
G  K2. The following result is therefore easy by Corollary 6.2.
Corollary 7.1. Let G be a graph. Then
λ(G[K2]) ≤ 2λ(G)+ 2 for ∆(G) ≥ 0.
By using Corollary 6.3 we analogously obtain an upper bound in terms of∆(G).
Corollary 7.2. Let G be a graph. Then
λ(G[K2]) ≤ 2(∆(G))2 + 2∆(G)− 2 for ∆(G) ≥ 0.
If we take the formula by Shao and Yeh in [13] and apply it to G[K2], we get
λ(G[K2]) ≤ 4(∆(G))2 + 2∆(G)+ 2 for∆(G) ≥ 1.
Our upper bound from Corollary 7.2 represents an improvement of 2(∆(G))2 + 4 whenever∆(G) ≥ 2.
The lexicographic prism K2[G] is again a different notation for another well known graph construction, the join G + G
of two disjoint copies of the graph G. It is easy to see that the join of two graphs is a graph of diameter two. Therefore the
λ-number of K2[G] is at least 2|V (G)| − 1 regardless of the value of λ(G) (or∆(G)). Nevertheless, the study of the λ-number
of graphs of diameter two exceeds the scope of the present paper and is a topic for a separate research.
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